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Abstract. We address the following two questions regarding the maximal left ideals of 
{^J^ the Banacli algebra 3§{E) of bounded operators acting on an infinite-dimensional Banach 

^ ■ space E : 

(I) Does ^{E) always contain a maximal left ideal which is not finitely generated? 
(II) Is every finitely-generated, maximal left ideal of 3§{E) necessarily of the form 

{T e ^{E) : Tx = 0} (*) 

for some non-zero x G E7 
Since the two-sided ideal ^{E) of finite-rank operators is not contained in any of the 
maximal left ideals given by (j*J), a positive answer to the second question would imply 
a positive answer to the first. 

Our main results are: (i) Question (|T| has a positive answer for most (possibly all) 
infinite-dimensional Banach spaces; (ii) Question pi)) has a positive answer if and only 
if no finitely-generated, maximal left ideal of 3§{E) contains ^{E); (iii) the answer to 
Question (HI)) is positive for many, but not all. Banach spaces. 



1. Introduction and statement of main results 

The purpose of this paper is to study the maximal left ideals of the Banach algebra ^{E) 
of (bounded, linear) operators acting on a Banach space E, particularly the maximal left 
ideals that are finitely generated. A general introduction to the Banach algebra ^{E) can 
be found in [HI §2.5]. Our starting point is the elementary observation that J3S{E) always 
contains a large supply of singly-generated, maximal left ideals, namely 

= {T G ^{E) : Ts = 0} {xeE\ {0}) (1.1) 

(see Proposition l2.2l for details). We call the maximal left ideals of this form fixed, inspired 
by the analogous terminology for ultrafilters. 

The Banach algebra ^{E) is semisimple, as is well known {e.g., see [8, Theorem 2.5.8]); 
that is, the intersection of its maximal left ideals is {0}. We observe that this is already 
true for the intersection of the fixed maximal left ideals. 
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In the case where the Banach space E is finite-dimensional, an elementary result in linear 
algebra states that the mapping 

F ^ {T e ^{E) : F C ker T} 

is an anti-isomorphism of the lattice of linear subspaces of E onto the lattice of left ideals 
of ^{E) {e.g., see [I^ p. 173, Exercise 3]). Hence each maximal left ideal ^ of ^{E) 
corresponds to a unique minimal, non-zero linear subspace of E, that is, a one-dimensional 
subspace, and therefore ^ is fixed. This conclusion is also an easy consequence of our 
work, as outlined in Remark ll.2l1 ii|). below. In contrast, this statement is false whenever E 
is infinite-dimensional because the two-sided ideal ^{E) of finite-rank operators is proper, 
so that, by Krull's theorem, it is contained in a maximal left ideal, which cannot be fixed 
since, for each x & E \ {0}, there is a finite-rank operator T on E such that Tx ^ 0. 

Inspired by these observations, the first-named author raised the following two questions 
for an infinite-dimensional Banach space E : 

(I) Does SSiE) always contain a maximal left ideal which is not finitely generated? 
(II) Is every finitely-generated, maximal left ideal of SSiE) necessarily fixed? 

In the light of the previous paragraph, we note that a positive answer to (jlT]) would imply 
a positive answer to ([T]). Moreover, for similar reasons, it seems natural to consider also 
the following, formally more specific, variant of Question f jnj) : 

(III) Is the ideal ^(E) of finite-rank operators ever contained in a finitely-generated, 

maximal left ideal of SS{E)1 
The answers to these questions depend only on the isomorphism class of the Banach 
space E. This follows from a theorem of Eidelheit, which states that two Banach spaces E 
and F are isomorphic if and only if the corresponding Banach algebras ^{E) and SS{F^ 
are isomorphic {e.g., see [8, Theorem 2.5.7]). 

After presenting some preliminary material in Section[2], we shall use a counting argument 
in Section [3] to answer Question (jl]) positively for a large class of Banach spaces, including 
all separable Banach spaces which contain an infinite-dimensional, closed, complemented 
subspace with an unconditional basis and, more generally, all separable Banach spaces with 
an unconditional Schauder decomposition (see Corollary 13.31 for details). 

We then turn our attention to Questions ([TTl) and (lllip . The main conclusion of Section H] 
is that, for a fixed Banach space E, they are equivalent in the sense that Question ([111) has 
a positive answer if and only if Question (lllip has a negative answer. This is an immediate 
consequence of the following dichotomy theorem for maximal left ideals, which can be 
viewed as the analogue of the fact that an ultrafilter on a set M is either fixed (in the sense 
that it consists of precisely those subsets of M which contain a fixed element x G M), or 
it contains the Frechet filter of all cofinite subsets of M. 

Theorem 1.1 (Dichotomy for maximal left ideals). Let E he a non-zero Banach space. 
Then, for each maximal left ideal =Sf of ^{E), exactly one of the following two alternatives 
holds: 

(i) =Sf is fixed; or 

(ii) =Sf contains ^{E). 
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Remark 1.2. (i) The result that we shall prove in Section H] is in fact slightly stronger 
than Theorem 11.1^ but also more technical to state, since it involves the larger ideal 
of inessential operators instead of ^{E) (see Corollary 14.21 for details), 
(ii) Let E he a. non-zero, finite-dimensional Banach space. Then ,^{E) = ^{E), so 
that no proper left ideal of ^{E) satisfies condition ([ii]) of Theorem 11.11 Hence 
Theorem 11.11 implies that each maximal left ideal of ^{E) is fixed. 

We shall also show that a conclusion similar to that of Theorem 11.11 holds for closed 
left ideals of ^{E) that are not necessarily maximal provided that either the underlying 
Banach space E is reflexive, or that we restrict our attention to the closed left ideals which 
are finitely generated. 

Theorem 1.3 (Dichotomy for closed left ideals). Let E be a non-zero Banach space, 
let ^ he a closed left ideal of ^{E), and suppose that either E is reflexive or =Sf is finitely 
generated (or both). Then exactly one of the following two alternatives holds: 

(i) =Sf is contained in a fixed maximal left ideal; or 

(ii) ^ contains ^{E). 

We note that Theorems 11.11 and 11.31 are genuine dichotomies in the sense that in both 
theorems the two alternatives and (juj) are mutually exclusive because, as observed above, 
no fixed maximal left ideal of ^{E) contains ^{E). 

The main purpose of Section |5] is to show that Question ([11]) has a positive answer for 
many Banach spaces. We can summarize these results as follows, and refer to Section \5\ 
for full details, including precise definitions of any unexplained terminology. 

Theorem 1.4. Let E be a Banach space which satisfies one of the following five conditions: 

(i) E has a Schauder basis and is complemented in its bidual; 

(ii) E is an infective Banach space; 

(iii) E = Co(r), E = H , or E = Co(r) © H, where T is a non-empty index set and H is a 
Hilbert space; 

(iv) E is a Banach space which has few operators; 

(v) E = C{K), where K is a compact Hausdorff space without isolated points, and each 
operator on C{K) is a weak multiplication. 

Then each finitely-generated, maximal left ideal of J3S{E) is fixed. 

On the other hand, there is a Banach space for which the answer to Question is nega- 
tive; this is the main result of Section O Its statement involves Argyros-Haydon's Banach 
space having very few operators. We denote this space by Xah, and refer to Theorem 16.51 
for a summary of its main properties. 

Theorem 1.5. Let E = X^n © ioo- Then the set 



I \-'2,l -'2,2/ J 

is a maximal two-sided ideal of codimension one in ^{E), and hence also a maximal left 
ideal, which is singly generated as a left ideal and which is not fixed. 




(1.2) 
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This theorem suggests in particular that the Banach space E = Xah © ^oo is a natural 
candidate for providing a negative answer to Question (jl]). However, as we shall also show 
in Section [HI it does not. 

Theorem 1.6. Let E = Xah © ^oo- Then the ideal given by (II. 2p is the unique 
non-fixed, finitely- generated, maximal left: ideal of J^{E). Hence 

= I (^^^^ ^^'^^ e ^{E) : T2,2 is weakly compact | , (1.3) 

which is a maximal two-sided ideal of J3S{E), is not contained in any finitely- generated, 
maximal left ideal of J3S{E). 

To conclude this summary of our results, let us mention that Question ([Til) remains open 
in some important cases, notably for E = C{K), where K is any infinite, compact metric 
space such that C{K) ^ Cq. 

As a final point, we shall explain how our work fits into a more general context. The 
main motivation behind Question ([T]) comes from the fact that it is the special case where 
^ = ^{E) for a Banach space E of the following conjecture, raised and discussed in [9]: 
Let he a unital Banach algebra such that every maximal left ideal of 
is finitely generated. Then is finite- dimensional. 

A stronger form of this conjecture in the case where =e/ is commutative was proved by 
Ferreira and Tomassini [12]; extensions of this result are given in [9]. 

The conjecture is motivated by Sinclair and Tullo's theorem [39j that a Banach algebra 
is finite-dimensional if each closed left ideal of (not just each maximal one) is finitely 
generated. This result has been generalized by Boudi jB], who showed that the conclusion 
that is finite-dimensional remains true under the formally weaker hypothesis that each 
closed left ideal of is countably generated. Boudi's theorem can in fact be deduced from 
Sinclair and Tullo's theorem because a closed, countably-generated left ideal is necessarily 
finitely generated by [HI Proposition 1.5]. 

2. Preliminaries 

Our notation is mostly standard. We write |r| for the cardinality of a set P. As usual, 
Ho and Ki denote the first and second infinite cardinal, respectively, while c = 2^° is the 
cardinality of the continuum. 

Let be a Banach space, always supposed to be over the complex field C. We denote 
by Ie the identity operator on E. For a non-empty set P, we define 

i^{V,E) = {f:Y-^E: < oo}, where = sup ||/(7)||, 

76r 

so that £oo(r, El) is a Banach space with respect to the norm || ■ ||oo. The following special 
conventions apply: 

• £oo(r)=£oo(r,c); 

. £oo = ^oo(N); 

• = £^({l,...,ra},E) for eachraeN. 
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We write E* for the (continuous) dual space of the Banach space E. The duahty bracket 
between E and E* is {■ , ■), while Ke'- E ^ E** denotes the canonical embedding of E 
into its bidual. By an operator, we understand a bounded, linear operator between Banach 
spaces; we write ^{E, F) for the set of all operators from E to another Banach space F, 
and denote by T* e ^{F*, E*) the adjoint of an operator T e SS{E, F). 

We shall require the following standard notions for T G ^{E, F) : 

(i) T is a finite-rank operator if it has finite-dimensional range. We write <^{E, F) for 
the set of finite-rank operators from E to F. It is well known that 

^{E,F) = span{y®\:y E F, \E E*}, (2.1) 

where y ® A denotes the rank-one operator given by 

X ^ {x, X)y, E ^ F {y eF, Xe E*). 

The following elementary observation will be used several times: 

R{y®X)S = {Ry)®{S*X) {S E ^{D,E), y E F, X E E*, R E ^{F,G)), (2.2) 

valid for any Banach spaces D, E, F, and G. 

(ii) T is compact if the image under T of the unit ball of is a relatively norm-compact 
subset of F. We write J^{E, F) for the set of compact operators from E to F. 

(iii) T is weakly compact if the image under T of the unit ball of E' is a relatively weakly 
compact subset of F. We write W{E, F) for the set of weakly compact operators 
from E to F. 

(iv) T is bounded below if, for some £ > 0, we have ||T2;|| ^ for each x E E; or, 
equivalently, T is injective and has closed range. This notion is dual to surjectivity 
in the following precise sense {e.g., see [32| Theorem 3.1.22]): 

T is surjective T* is bounded below, , < 

T is bounded below T* is surjective. ' 

(v) T is strictly singular if no restriction of T to an infinite-dimensional subspace of E 
is bounded below; that is, for each e > 0, each infinite-dimensional subspace of E 
contains a unit vector x such that ||T2;|| ^ e. We write ^{E, F) for the set of strictly 
singular operators from E to F. 

(vi) T is a Fredholm operator if both of the quantities 

a(r) = dimkerTGNoU{cx)} and /3(T) = dim(F/T(E)) G No U {cx)} (2.4) 
are finite, in which case T has closed range, and its Fredholm index is defined by 

t{T) = a{T) - /3{T) E Z. 

We write ^{E, F) for the set of Fredholm operators from E to F. 

(vii) T is an upper semi-Fredholm operator if it has finite-dimensional kernel and closed 
range. We write $+(£', F) for the set of upper semi-Fredholm operators from E to F. 

(viii) T is inessential if Ie — ST is a Fredholm operator for each S E ^{F, E). We write 
(S{E, F) for the set of inessential operators from E to F. 
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In line with common practice, we set J^{E) = J^{E,E) whenever denotes one of the 
eight classes JF, W, S^, $, $+, and <f of operators introduced above. Of these 
classes, J^, S^, and define operator ideals in the sense of Pietsch, all of which 

except ^ are closed. The following inclusions hold in general: 

^{E, F) C jr{E, F) C {W{E, F) f] y{E, F)) C y{E, F) C ^{E, F) C ^{E, F). 

We remark that a left, right, or two-sided ideal of ^{E) is proper if and only if it does not 
contain the identity operator Ie- This shows in particular that the two-sided ideal (S'{E) 
(and hence also ^{E), J(f{E), and is proper whenever E is infinite-dimensional. 

We shall require two perturbation results for (semi-)Fredholm operators. Firstly, the set 
of Fredholm operators is stable under inessential perturbations, and the Fredholm index is 
preserved under such perturbations (see \2A\, Theorem 6]): 

S + T e^{E,F) with i{S + T) = i{T) [S eS{E,F),T e^{E,F)). (2.5) 

Secondly, the set of upper semi-Fredholm operators is stable under strictly singular per- 
turbations (see |l29t Proposition 2.C.10]): 

S + T e^+{E,F) {S e,9'{E,F),T e^+{E,F)). (2.6) 

The following notion is central to this paper. Let F be a non-empty subset of ^{E) for 
some Banach space E. The left ideal generated by F is the smallest left ideal of ^{E) 
that contains F. It can be described explicitly as 

= S,T, : n G N, 5i, . . . , G ^{E), Ti, . . . , T„ G f|. (2.7) 

A left ideal ^ of ^{E) is singly (respectively, finitely, countably) generated if =Sf = =Sfr 
for some singleton (respectively, non-empty and finite, countable) subset F of ^{E). 
In the case where F is non-empty and finite, say F = {Ti, . . . , T„}, (12. 7p simplifies to 

•^r = ■.Si,...,Sne ^{E)\ = {S^r:Se ^{E^, E)}, (2.8) 

where we have introduced the operator 

n 

= ^ LjTj G ^{E, E"); (2.9) 
i=i 

here Lj: E — t- E"' denotes the canonical j^^ coordinate embedding. (Note that, strictly 
speaking, the definition 02.91) of \E'r requires that F is an ordered ra-tuple, not just a finite 
set. Whenever we consider \I'r, the ordering of F is always understood to be by increasing 
index: F = (Ti, . . . ,T„).) 

The operator "^r, together with its counterpart for infinite F, which we shall introduce 
in Section |U will play a key role in our work. We shall here give only one, very simple, 
application of \E'r, showing that each finitely-generated left ideal of operators is already 
singly generated for most 'classical' Banach spaces. 
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Proposition 2.1. Let E be a Banach space which contains a complemented subspace that 
is isomorphic to E®E. Then each finitely- generated left ideal of ^{E) is singly generated. 

Proof. Let F be a non-empty, finite subset of J3^{E), and set = |r| G N. By tlie assump- 
tion, E contains a complemented subspace wliicli is isomorpliic to E"-, and lience Ie^ = VU 
for some operators U G and V G We sliall now complete the proof 

by showing that the left ideal is generated by the single operator T = U'^r ^ ^{E). 
By (ESD, we have T G =^r, so that ^{t} ^ ^r- 

Conversely, each operator R G -$fr has the form R = S'\&r ioT some S G ^(-E", E) 
by ([21D, and therefore R = S{VU)<iIr = iSV)T G ^{t}- □ 

Our next result collects some basic facts about the fixed maximal left ideals of ^{E), 
most of which were already stated in the Introduction. 

Proposition 2.2. Let x and y be non-zero elements of a Banach space E. Then: 

(i) the set ^=Sf^ given by f ll.ip is the left ideal of ^{E) generated by the projection 
Ie — X ® \, where \ E E* is any functional such that {x, A) = 1; 

(ii) the left ideal ^=Sf^ is maximal; 

(iii) = ^■^y if and only if x and y are proportional. 

In particular, J3S{E) contains \E\ distinct, fixed maximal left ideals whenever E is infinite- 
dimensional. 

Proof. @. Let P = Ie — x ® X. The set is clearly a left ideal which contains P, and 

hence ^{p} ^ The reverse inclusion holds because, by fl2.2p . T{x (8> A) = for each 

T G ^^x, so that T = TP e =5f|p}. 

(In]). The left ideal ^J^x is evidently proper. To verify that it is maximal, suppose that 
T G l3S{E) \ ^^x- Then Tx ^ 0, so that {Tx.,^) = 1 for some fi G E*. The operator 
S = Ie ~ {x ® n)T belongs to because {x ® fi)Tx = {Tx, fi)x = x, and consequently 

= 5 + (x ® /i)T G + =^{T}. 

dm]). It is clear that = if x and y are proportional. We prove the converse by 

contraposition. Suppose that x and y are linearly independent. Then we can take A G i?* 
such that (x. A) = 1 and {y, A) = 0, and hence x ® A G \ ^^x- D 

We conclude this preliminary section with the observation that the answer to the ana- 
logue of Question (JI]) for two-sided ideals is negative, as the following example shows. 

Example 2.3. Consider the Hilbert space H = £2(^1), and take a projection P G J3§{H) 
with separable, infinite- dimensional range. The ideal classification of Gramsch jTB] and 
Luft pT] implies that the ideal ^{H) of operators with separable range is the unique 
maximal two-sided ideal of J3§{H). Given T G JK{H), let Q G ^{H) be the orthogonal 
projection onto T{H). Then T = QT, and also Q = VPU for some operators U,V e ^{H), 
so that T = VPUT. Hence J^{H) is the two-sided ideal of ^{H) generated by the single 
operator P. Since ^{H) is the only maximal two-sided ideal of ^{H), we conclude that 
each maximal two-sided ideal of J3^{H) is singly generated, and therefore the analogue of 
Question (IT]) for two-sided ideals has a negative answer. 
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With slightly more work, we can give a similar example for a separable Banach space. 
To this end, consider the p*^ quasi-reflexive James space Jp for some p G (1, oo). Edelstein 
and Mityagin [TTj observed that the two-sided ideal W{Jp) of weakly compact opera- 
tors is maximal because it has codimension one in ^{Jp). The fifth-named author \26\ 
Theorem 4.16] has shown that W{Jp) is the unique maximal two-sided ideal of ^{Jp). His 
work also implies that W{Jp) is singly generated as a two-sided ideal, as we shall now 
explain. Let 

4°^^ = (0 4"^^) ' where = {(a,),eN E Jp : a, = (j > n)} (n G N). 

This is clearly a reflexive Banach space, which is isomorphic to a complemented subspace 
of Jp. (The latter observation is due to Edelstein and Mityagin [TT] Lemma 6(d)]. An alter- 
native approach can be found in \26\ Proposition 4.4(iv)].) Take a projection P G ^{Jp) 
whose range is isomorphic to Jp'^'*. By [271, Theorem 4.3], we have 

W{Jp) = {TS:Se ^{Jp, J^~)), T G =^^(4°°^ Jp)} = {VPU ■.U,Ve ^{Jp)}, 

so that W{Jp) is the two-sided ideal of ^{Jp) generated by the single operator P. 

On the other hand. Corollary 14. 8^ below, will show that W{Jp) is not finitely generated 
as a left ideal because Jp is non-refiexive. 

3. Counting maximal left ideals 

Let E be an infinite-dimensional Banach space. An infinite family (£'^)^gr of non-zero, 
closed subspaces of E is an unconditional Schauder decomposition of E if, for each x E E, 
there is a unique family {x^)^^r with G E^ for each 7 G F such that the series "^^^y ^7 
converges unconditionally to x. In this case we can associate a projection Pr G J3S{E) with 
each subset T of F by the definitions 

P0 = O and Prx = ^x^ {x e E) for T 7^ 0, (3.1) 

where (a;^)^gr is related to x as above. 

Using this notion, we can transfer a classical algebraic result of Rosenberg [37] to I^{E). 

Proposition 3.1. Let E be a Banach space with an unconditional Schauder decomposition 
{Ey)^^r- Then the Banach algebra ^{E) contains at least 2^'""' maximal left ideals which 
are not fixed. 

Proof. The power set ^(F) of F is a Boolean algebra, and 3 = |T G ^(F) : |T| < |F|} is 
a proper Boolean ideal of ^(F). Since F is infinite, a classical result of Pospisil (see [36j, 
or [7, Corollary 7.4] for an exposition) states that the collection M3 of maximal Boolean 
ideals of *^J(F) containing 3 has cardinality 2^'"^'. 

For each DJl G M^, let P(9Jt) = {Pr : T e M} C ^{E), where Pr is the projection given 
by (13. ip . Assume towards a contradiction that the left ideal -Sfp(OT) is not proper. Then, 
for some n G N, there are operators Ti, . . . , T„ G ^{E) and sets Ti, . . . , T„ G OJt such that 
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Ie = X]j=i^j-PTj - Right-composing both sides of this identity with the projection Py\Ti 
where T = IJj=i ^ j ^ obtain Pr\T = 0, so that F = T G SOT, which contradicts the 

fact that OJt is a proper Boolean ideaL 

We can therefore choose a maximal left ideal ^gjt of ^{E) such that ^p(m) ^ -^m- 
This maximal left ideal cannot be fixed because, for each x & E \ {0}, we have 
X = Yl'y^r At}^' ^'^ ihdX Pi-yjX 7^ for some 7 G F. Hence P{^} ^ but on the other 

hand P^^y G ^p(m) ^ -^m since {7} G 3 C VJt. 

Consequently we have a mapping 971 1— ?■ ^(xsi from into the set of non-fixed, maximal 
left ideals of J3S{E). We shall complete the proof by showing that this mapping is injective. 
Suppose that VJH, G M3 are distinct, and take a set T G 9Jt \ DT. The maximality of ^ 
implies that F \ T G OT, and therefore 

Ie = Pr + Pr\r ^ =Sfp(QJt) + =^pp^) ^ + ^<n- 
Thus, since the left ideals and ^<yi are proper, they are distinct. □ 

Corollary 3.2. Let E be a Banach space with an unconditional Schauder decomposition 
{Ej)^^r, o^nd suppose that E contains a dense subset D such that 21-^1 < 2^'""'. Then ^{E) 
contains at least 2^'""' maximal left ideals which are not countably generated. 

Proof. Since each point of E is the limit point of a sequence in D, we have \E\ ^ 1/^1^°. 
Further, each operator on E is uniquely determined by its action on D, and consequently 

\^{E)\ ^ = ^ = l^l""' = 2"", (3.2) 

where the final equality follows from a standard result {e.g., see [20;, Lemma 5.6]). Hence 
^{E) contains at most (2l^l) " = 21'^' countable subsets, so that l3S{E) contains at most 
2l^l countably-generated left ideals. On the other hand. Proposition 13. II implies that there 
are at least 2^'^' distinct maximal left ideals of ^{E). We have 2^^^ < 2^'"^' by assump- 
tion, and hence ^{E) contains at least 2^'""' maximal left ideals which are not countably 
generated. □ 

The most important case of this corollary is as follows. 

Corollary 3.3. Let E be a separable Banach space with an unconditional Schauder de- 
composition (i?^)^gr- Then ^{E) contains 2^ maximal left ideals which are not countably 
generated. 

Proof. The index set F is necessarily countable because E is separable. Hence, by Corol- 
lary [3]2l ^{E) contains at least 2^ maximal left ideals which are not countably generated. 
On the other hand, (13. 2p implies that ^{E) has cardinality c, so that J3S{E) contains no 
more than 2'^ distinct subsets. □ 

Example 3.4. (i) Let E he a Banach space which has an unconditional basis (e„)„gN. 
Then E satisfies the conditions of Corollary l3.3[ and hence J3§{E) contains 2'^ maximal 
left ideals which are not countably generated. 

The class of Banach spaces which have an unconditional basis is large and includes 
for instance the classical sequence spaces cq and ip for p G [l,oo), the Lebesgue 
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spaces Lp[0, 1] for p G (l,oo), the Lorentz and Orlicz sequence spaces d^^p and Hm 
{e.g., see [2^ Chapter 4]), the Tsirelson space T {e.g., see [29, Example 2.e.l]) and 
the Schlumprecht space 5* (see f38^, Proposition 2]). 

(ii) Suppose that E is a Banach space which contains an infinite-dimensional, closed, 
complemented subspace F with an unconditional Schauder decomposition (F^)^gr- 
Then E also has an unconditional Schauder decomposition, obtained by adding any 
closed, complementary subspace of F to the collection (F-y)^gr- 

In particular, generalizing ([i]), we see that each separable Banach space E which 
contains an infinite-dimensional, closed, complemented subspace with an uncon- 
ditional basis satisfies the conditions of Corollary 13. 3[ and hence ^{E) contains 
2'^ maximal left ideals which are not countably generated. This applies for in- 
stance to £^ = Li[0, 1] because it contains a complemented copy of ii {e.g., see [H 
Lemma 5.1.1]); to E = C{K) for any infinite, compact metric space K because E 
contains a complemented copy of cq {e.g., see [H Proposition 4.3.11]); to E = Jp for 
p G (1, oo), the p^^ quasi-reflexive James space, because Jp contains a complemented 
copy of ip (see [TT] Lemma 6(d)] or [26] Proposition 4.4(iii)]); and to E = J^{X), 
where X is any Banach space with an unconditional basis, because E contains a com- 
plemented copy of Cq consisting of the compact operators whose matrix representation 
with respect to the unconditional basis is diagonal. 

(iii) There are separable Banach spaces E such that E has a unconditional Schauder 
decomposition {En)ne'M with each En finite-dimensional, but E does not have an un- 
conditional basis, notably Kalton and Peck's twisted £p-spaces Zp for p G (1, oo) (see 
[23| Corollary 9] and the remark following it). Each such Banach space E satisfies the 
conditions of Corollary 13. 3[ and hence ^{E) contains 2*^ maximal left ideals which 
are not countably generated. 

Remark 3.5. Corollary 13.31 is not true for all separable, infinite-dimensional Banach 
spaces. Indeed, we shall show in Theorem I5.13[ below, that there are separable, infinite- 
dimensional Banach spaces E such that ^{E) contains just one maximal left ideal which 
is not fixed, and this ideal is not finitely generated. 

4. Proofs of the Dichotomy Theorems 11.11 and 11.31 

Theorem 4.1. Let E be a non-zero Banach space, and let ^ he a proper left ideal of ^{E) 
such that =Sf is not contained in any fixed maximal left ideal. Then the left ideal ^ + (S'{E) 
is proper. 

Proof. Suppose contrapositively that ^ is a left ideal of ^{E) such that ^+(S{E) = ^{E) 
and if ^ for each x e E \ {0}. We shall then prove that ^ = ^{E). By the first 

assumption, we can write Ie = R+S for some i? G =^ and S G (S'{E), and hence R = Ie — S 
is a Fredholm operator of index zero by (12. 5p . The set 

3f={Te^n ^{E) : t{T) = 0} 

is therefore non-empty. 
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Our next aim is to show that, for each T G ^ with a{T) > 0, there exists U E such 
that oi{U) = a{T) — 1, where a(-) is defined by f|2.4p . Indeed, take x G kerT \ {0} and 
y E E \ T{E). Since ^ ^ -^^^x, we can find an operator V G =Sf such that Vx ^ 0, and 
hence {Vx, A) = 1 for some XeE*. Let U = T + {y ^ X)V. Then U e 3f because T G 
and {y ® X)V G =5f fl ^{E), and also a{U) = (y(T) — 1 because kerT = ker U © Cx, as is 
easily verified. 

The result established in the previous paragraph implies in particular that 3f contains 
an operator U with a{U) = 0. Hence (3{U) = a{U) —i{U) = 0, so that U is invertible, and 
consequently =Sf = ^{E), as required. □ 

This result has as an immediate consequence the following dichotomy, which generalizes 
Theorem O slightly because ,^{E) C S'^E). 

Corollary 4.2 (Strong dichotomy for maximal left ideals). Let E be a non-zero Banach 
space. Then, for each maximal left ideal =Sf of ^^{E), exactly one of the following two 
alternatives holds: 

(i) =5f is fixed; or 

(ii) =Sf contains S{E). 

Proof. Suppose that the maximal left ideal ^ of J3S{E) is not fixed. Then ^ ^ 

for each x ^ E \ {0}, so that Theorem 14.11 implies that + (S'{E) is a proper left ideal 

of ^{E). Hence, by the maximahty of we have S£ = S£ ^ <S{E)\ that is, ^ holds. □ 

Remark 4.3. Corollary 14.21 can be seen as a counterpart for maximal left ideals of the 
following observation due to the fifth-named author |26[ Proposition 6.6]. Let E be an 
infinite-dimensional Banach space. Then S(E^ is contained in each maximal two-sided 
ideal oi ^{E). 

Remark 4.4. Let =2/ be a unital C*-algebra. We write a 1— a* for the involution on . 
(This should not be confused with the notation T* for the adjoint of an operator T between 
Banach spaces used elsewhere in this paper.) A state on ^ is a norm-one functional A 
on =2/ which is positive, in the sense that (a*a. A) ^ for each a G . Given a state A 
on , the set 

^ = {a G ^ : (a*a. A) = O} 
is a closed left ideal of by the Cauchy-Schwarz inequality i^e.g., see [21^ Proposition 4.5.1] 
or p. 93]). The collection of all states on forms a weak* compact, convex subset of 
the dual space of called the state space of Its extreme points are the pure states 
on s^. The map A 1— >■ gives a bijective correspondence between the pure states on 
and the maximal left ideals of =2/ {e.g., see [22,, Theorem 10.2.10] or [33| Theorem 5.3.5]). 

In the case where ^ = ^{H) for some Hilbert space H, the fixed maximal left ideals 
correspond to the vector states, which are defined as follows. Let x G be a unit vector. 
Then the functional given by 

{T,Ux) = {Tx\x) {Te^{H)), 

where ( ■ | ■ ) denotes the inner product on H, is a pure state on ^{H), called the vector 
state induced by x; and we have = ^u^-, as is easy to check. The conclusion of 
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Corollary 14.21 is known in this case because J^{H) = <S'{H), and by [22, Corollary 10.4.4] 
each pure state A on ^(if) is either a vector state, or J^{H) C ker A, in which case 

Finally, suppose that the Hilbert space H is separable and infinite-dimensional. Then 
clearly ^{H) has c vector states, whereas it has 2'^ pure states by [22l Proposition 10.4.15]. 
These conclusions also follow from Proposition 12.21 and Example I3.4l!p| , respectively. 

We shall now turn our attention to the proof of Theorem 1 1.31 This requires some prepara- 
tion. Let E he a Banach space. For each non-empty, bounded subset F of ^{E), we can 
define an operator \I^r : E ^ iooC^, E) by 



(*r2;)(T) = Tx 



(xeE,Te T). 



(4.1) 



Note that, after natural identifications, this definition generalizes (12. 9p . Further, we can 
define a linear isometry from the Banach space 



,{r,E*) = L: r ^ E* :J2\\9iT)\\ < oo\ 
L Ter ^ 



into i^{T,E)* by 

{f,Erg) = Y,{fiT),9{T)) (/ G ioo{T,E), g G ii{T,E*)). (4.2) 



Ter 



Letting Qr = ^f'^r G ^(^£i(T, E*), E*^ , we then obtain a commutative diagram 



E 



Ck 



AT,Ey* 



^r 



,iT,E**) 



Ur 



h{r,E*y, 



(4.3) 



where : / i— )■ k^; o / is the composition operator induced hy Ke, while Ur is the usual 
isometric identification of £oo(F,i?**) with the dual space of ii{r,E*) given by 

{g,Urf) = J2{9iT)J{T)) (/ G ^oo(r, i^;**), g G h{T,E*)). 
Ter 

The first of the following two lemmas explains the relevance of the operator \l/r for our 
present purpose, while part (Iml) of the second identifies the role of Qr- 



Lemma 4.5. Let x be a non-zero element of a Banach space E, and let T be a non-empty, 
bounded subset of ^{E). Then x G ker \E'r if and only if ^ ^^x- 
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Proof. By the definition (14. ip of \l/r, we have 

X e ker ^ {Tx = (T G T)) ^ T C ^ C 

which gives the result. □ 

Lemma 4.6. Let E be a non-zero Banach space, and let T he a non-empty, hounded suhset 
of ^{E) for which the corresponding left ideal =Sfr is closed. 

(i) For each X E E* , the set 

/^ = {y®\:yeE} 
is a left ideal of !^{E), and the following three conditions are equivalent: 

(a) C ifr; 

(b) y®\e^T for some y e E \ {0}; 

(c) Xenr{£iiT,E*)). 

(ii) The operator has closed range. 

(iii) The operator is surjective if and only if ^{E) C 

Proof, ([i]). Equation (12. 2p shows that ^\ is a left ideal. 
The implication ^^(jb]) is evident. 

(Ibj)=^([cj). Suppose that y ®\ & for some y E E \ {0}, so that y ^ X = Yl^=i SjTj for 
some n G N, 5*1, . . . ,Sn G J3S{E) and Ti, . . . , T„ G F. We may suppose that Ti, . . . ,Tn are 
pairwise distinct. Choose ^ E E* such that = 1, and define g:T^E*\)y 



S*fi if T = Tj for some j G {1, . . . ,n} 
otherwise. 



9{T)- 

Then g has finite support, so that it trivially belongs to ii{T, E*), and Q-pg = A because 



{x,nrg) = {'^rx^Erg) = ^{Tx,g{T)) = "^{Tjx, S* jj,) = lS^SjTjX,^i 

Ter j=i S=i 

= {{y(S> X)x, li) = {x, A) {y, jj) = (x, A) {x e E). 

Hence A G nr{ii{T , E*)) . 

(jcj) =r- (jaj) . Suppose that A = Q^g for some g G E*). Then, for each y E E, we have 

(y ® \)x = {x, nrg)y = ^^(Tx, giT))y = ^(y ® ^(r))Tx (x G E). (4.4) 

Tgr Ter 

The series Ylx^-p{y'^g(T)^T converges absolutely because g G ii(T,E*) and F is bounded, 
and each term of this series belongs to the left ideal =Sfr, which is closed by hypothesis. 
Hence the sum of the series, which is equal to ?/ ® A by (14. 4p . also belongs to and so 

([n]). Suppose that (Aj)^^^ is a sequence in fip (^i(F, i?*)) which converges to A G E*. 
By di]), we have ^ =^r for each j G N. Hence 

y(g) X = lim ?/ (g) Aj G (z/ e £") 



because is closed, so that A G f2r(^i(F, -E*)) by another application of 1^. 
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(jm]). Suppose that is surjective. Then imphes that C for each A G -E*, 
and consequently ^{E) C by fl^ . 

Conversely, suppose that ^{E) C and let A G -E* be given. Since ^ '^{E), 

implies that A G Qr{^'i(X, E*)^ , so that i^p is surjective. □ 

We can now characterize the closed left ideals of ^{E) that contain JF{E) as follows, 
provided that either E is reflexive or we restrict our attention to the closed left ideals that 
are finitely generated. Note that Theorem 11.31 is simply a restatement of the equivalence 
of conditions (|aj) and (|e]). 

Theorem 4.7. Let E be a non-zero Banach space, let ^ he a closed left ideal of^{E), and 
take a non-empty, bounded subset T of ^{E) such that ^ = Suppose that either E is 
reflexive or T is finite. Then the following five conditions are equivalent: 

(a) no fixed maximal left ideal of !^{E) contains «Sf ; 

(b) the operator \E'p is injective; 

(c) the operator \E'p is bounded below; 

(d) the operator f2p is surjective; 

(e) ^ contains ^{E). 

Proof. The following implications hold without any further assumptions on E or F: 
Conditions ([a]) and (jbj) are equivalent by Lemma 14. 5[ 
Conditions ([d]) and Q are equivalent by Lemma [4. 6 [pill) . 
Evidently (jcj) implies (jb]). 

Condition ([d]) implies (jcj). Indeed, suppose that Hp = \E'pSp is surjective. Then \&p is 
also surjective, and therefore \Efp is bounded below by fl2.3p . 

The remaining implication, that (jB]) implies (0]), does require further assumptions. We 
consider first the case where E is reflexive. The operators ke and in the diagram (14. 3 p 
are then isomorphisms, and so \E'p and fip are equal up to isomorphic identifications. 
Hence (12. 3p implies that (jcj) and ([d]) are equivalent. Moreover, fip has closed range by 
Lemma [4.6l1ii|) . The same is therefore true for \E'p by the closed range theorem {e.g., see 
|32[ Theorem 3.1.21]), and so conditions (jEJ and (icj) are also equivalent. 

Secondly, suppose that the set F is finite. Then the operator Hp : ii{T, E*) — > ioo{^, E)* 
given by (14. 2p is an isomorphism, and so fip and ^'p are equal up to isomorphic identifica- 
tions. Hence the conclusion follows as in the first case. □ 

As an easy consequence of this result, we obtain that the ideal of weakly compact 
operators is finitely generated as a left ideal only in the trivial case where it is not proper. 

Corollary 4.8. The following three conditions are equivalent for a Banach space E: 

(a) W{E) is finitely generated as a left ideal; 

(b) w\e!) = ^{E); 

(c) the Banach space E is reflexive. 

Proof. The equivalence of (jb]) and Q is standard, and (jb]) obviously implies 

To see that (nj) implies (jcj), suppose that W{E) = =Sfp for some non-empty, finite subset 
F = {Ti, . . . ,T„} of ^{E). It clearly suffices to consider the case where E is non-zero. 
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Theorem 14. 71 implies that the operator is bounded below because W{E) contains ^{E). 
Since the operators Ti, . . . ,Tn are weakly compact, the same is true for \E'r by the defi- 
nition f l2.9p . Hence the Davis-Figiel-Johnson-Pelczyhski factorization theorem (see |10] . 
or |i30i Theorem 2.g.ll] for an exposition) implies that, for some reflexive Banach space F, 
there are operators R G ^{E, F) and S G ^{F, E") such that = SR. Now R is 
bounded below because \E'r is, and therefore E is isomorphic to the subspace R{E) of the 
reflexive space F, so that E is reflexive. □ 

We conclude this section with an example that shows that Theorem 14 . 71 may not be true 
if we drop the assumption that either the Banach space E is reflexive or the set F is finite. 
This requires the following easy variant of Lemma HI 



Lemma 4.9. Let T be an operator on a Banach space E, and suppose that ?/ A G =^{t} 
for some y e E\{0} and X e E* . Then A G T*{E*). 

Proof. Let (S'j)^^^ be a sequence in ^{E) such that SjT — )■ y ® A as j — )■ oo, and choose 
& E* such that = 1. Then we have 

T*{S*fi) = {SjT)*fi ^ {y® A)> = {y,fi)X = X as j oo, 

from which the conclusion follows. □ 

Example 4.10. Let T be the operator on i^o given by 

na,),,n =(-^+f2 t) (("^O^-^N e Q. (4.5) 

Then T is compact and leaves the subspace Cq invariant. Define Tq: x Tx, Cq — Cq, 
and consider the closed left ideal ^ = ^{Tq} of ^(cq). We have C J^(co) because Tq 
is compact. Our aim is to show that =Sf satisfies condition (|aj), but not condition (jej), of 
Theorem 14.71 

We begin by verifying that ker T = C(l, 1, . . .). It is clear that r(l, 1, . . .) = (0, 0, . . .). 
Conversely, suppose that (aj)jgN ^ kerT. Then, for each n G N, we have 

oo 

an _ yr-^ aj 

on ~ nj 



SO that 



21 
1 



oo 



^ ^ 2i 2^~^^ 2^~^^ 2" 

j=n+2 

Hence a„ = a„+i for each G N, and the conclusion follows. 

This shows in particular that Tq is injective because cq fl kerT = {0}. Consequently 
To ^ each a; G Cq \ {0}, and so ^ satisfies condition (jaj) of Theorem 14.71 

On the other hand, identifying Cq* with in the usual way, we find that Tq** = T, which 
is not injective, so that Tq* does not have norm-dense range by [32, Theorem 3.1.17(b)]. 
Take A G \ To*(c5) and ?/ G ^ \ {0}. Then, by Lemma WM y®X^^,so that ^ does 
not satisfy condition (|gj) of Theorem 14.71 
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5. BANACH SPACES FOR WHICH EACH FINITELY-GENERATED, MAXIMAL LEFT IDEAL 

IS FIXED 

The main purpose of this section is to show that Question (jlT]) has a positive answer for 
many Banach spaces E. 

We begin by showing that a much stronger conclusion is true in certain cases, namely 
that no finitely-generated, proper left ideal of ^{E) contains ^{E). This result relies on 
two lemmas. The first states that conditions Q-(jej) of Theorem 14. 71 are equivalent for each 
finitely-generated left ideal =5f of ^{E), whether or not =5f is closed. 

Lemma 5.1. Let E be a Banach space. Then the following three conditions are equivalent 
for each non-empty, finite subset T of ^{E): 

(a) the operator \l/r is bounded below; 

(b) the operator Qr is surjective; 

(c) contains ^ (E) . 

Proof. The equivalence of ([a]) and (jbj) follows as in the final paragraph of the proof of 
Theorem 14.71 

To see that (jb]) and (jcj) are also equivalent, we note that Lemma [4.6l1i| ) is true without 
the assumption that .Sfp is closed, provided that the set F is finite, because in this case the 
series considered in the proof of Lemma [4.6l1 I|). (|c])^^, is finite. Hence Lemma [4.6l(liiT|) 
also carries over to the present setting, and the conclusion follows. □ 

Our second lemma characterizes the finite subsets F of J3S{E) that do not generate 
a proper left ideal in terms of standard operator-theoretic properties of \E'r. 

Lemma 5.2. Let E be a non-zero Banach space. Then the following three conditions are 
equivalent for each non-empty, finite subset F of J3S{E): 

(a) the operator \E'r is bounded below and its range is complemented in E^^^; 

(b) the operator \l/r is left invertible; 

(c) ^r = ^{E). 

Proof. The equivalence of ([a]) and (jb]) is an easy standard result, true for any operator be- 
tween Banach spaces, while the equivalence of (jb]) and ([cj) follows immediately from (12. 8p . 

□ 

Proposition 5.3. Let E be a Banach space, and let n G N. Then ^{E) is contained in 
a proper left ideal of ^{E) generated by n operators if and only if E"' contains a closed 
subspace F such that F is isomorphic to E and F is not complemented in E"' . 

Proof. We may suppose that E is non-zero, and prove both implications by contraposition. 

Suppose that each subspace F of E"' such that F = E i?, automatically comple- 
mented, and let F be a subset of J3S{E) of cardinality n such that ^{E) C We 
must prove that =Sfr = ^{E); that is, by Lemma [5.21 we must show that the operator \l/r 
is bounded below and has complemented range. Lemma 15.11 implies that \l/r is indeed 
bounded below, and its range is therefore a closed subspace of E'" isomorphic to E, so that 
it is complemented by the assumption. 
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<^=. Suppose that J3S{E) is the only left ideal with (at most) n generators that con- 
tains ^{E), and let F be a closed subspace of such that F is isomorphic to E. We 
must prove that F is complemented in E'". Take an operator T G ^{E, E"") which is 
bounded below and has range F. Letting F = {piT, . . . , PnT} C ^[E), where 

Pk- ixj)]=i^Xk, E'^^E (A; G {l,...,n}), 

we have = T hy the defintion (12.91) of This operator is bounded below, and there- 
fore Lemma [5.11 implies that contains ^{E). Hence, by the assumption, ^y = ^{E), 
so that the range of "^y, which is equal to F, is complemented in E"^ by Lemma [5.21 □ 

Combining this result with Theorem 11.11 we reach the following conclusion. 

Corollary 5.4. Let E be a Banach space such that, for each n G N, each closed sub- 
space of E" isomorphic to E is automatically complemented in i?". Then ^{E) is the 
only finitely-generated left ideal of ^{E) which contains ^{E), and hence each finitely- 
generated, maximal left ideal of ^{E) is fixed. 

Example 5.5. The condition of Corollary 15.41 on the Banach space E is satisfied in each 
of the following three cases: 

(i) is a Hilbert space. 

(ii) E is an injective Banach space; that is, whenever a Banach space F contains a closed 
subspace G which is isomorphic to E, then G is automatically complemented in F. 
For instance, the Banach space E = ^oo(r) is injective for each non-empty set F. 
More generally, E = C{K) is injective whenever the Hausdorff space K is Stonean 
(that is, compact and extremely disconnected). 

(iii) E = Co(F) for a non-empty set F (this follows from Sobczyk's theorem [40j for count- 
able F and from [T7] (or [31 Proposition 2.8]) in the general case); here Co(F) denotes 
the closed subspace of ^oo(r) consisting of those functions / : F — t- C for which the 
set |7 G F : |/(7)| ^ is finite for each e > 0. 

Thus, in each of these three cases, ^{E) is the only finitely-generated left ideal of ^{E) 
which contains ^{E), and each finitely-generated, maximal left ideal of ^{E) is fixed. 

Our next goal is to prove a result (Theorem 15. 9p which under much less restrictive con- 
ditions on the Banach space E than Corollary 15.41 gives the slightly weaker conclusion 
that ^{E) is the only finitely-generated left ideal of ^{E) which contains J^{E). We 
note in particular that Corollary 14.21 ensures that this conclusion is still strong enough to 
ensure that each finitely-generated, maximal left ideal of ^{E) is fixed, thus answering 
Question positively for a large number of Banach spaces. 

Let E he a Banach space with a Schauder basis e = {ej)j^fq. For each A; G N, we denote 
by Pfc the k^^ basis projection associated with e. The basis constant of e is 

Ke = sup{||Pfc|| : /c G N} G [l,oo). 

The basis e is monotone if Ke = 1. 
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Lemma 5.6. Let E be a Banach space with a Schauder basis e = (ej)jgi^, and let 7 = 
(7i)i6N be a decreasing sequence of non-negative real numbers. Then 

00 00 

defines an operator G J3S{E) of norm at most K^'ji- This operator is compact if and 
only if 7j — 7- as j —t- 00 . 

Proof. Equation (15. ip clearly defines a linear mapping A^ from spanjcj : j G N} into E. 
Since spanjcj : j G N} is dense in E, it suffices to show that this mapping is bounded with 
norm at most -^"671. Now, for each x = Yl^=i'^j^j ^ span{ej : j G N}, where A; G N and 
«!, . . . , Offc G C, we have 

k fc-l 

A^x = 71P1X + ^ lj{PjX - Pj-ix) = ^(7i - 'Jj+i)PjX + 7fcX, 

SO that 

k-l 

\\A^x\\ ^'^{'jj - 'jj+i)Ke\\x\\ + 'jk\\x\\ ^ Ke'ji\\x\\, 
j=i 

as required. 

To prove the final clause, we note that, by a standard result, {Pj)j^fq is a bounded left 
approximate identity for J^{E) {e.g., see jHl p. 318]), so that A^ is compact if and only if 
PjA^ — )■ A^ as J — )■ 00. Hence the estimates 

7,+i < \\{Ie - P,)A^\\ ^ K,{K, + l)7,+i (j G N), 

which are easy to verify, give the result. □ 

Corollary 5.7. Let E be a Banach space with a Schauder basis e = (ej)jgN, let k E N, 
and let rj = (^7^)^=1 be an increasing k-tuple of non-negative real numbers. Then 

00 k 

Qrj- r/jajCj, E ^ E, (5.2) 

defines an operator of norm at most 2Kerik 
Proof. Define 

efe„j+i for j 



;is for L 

vectors of the original basis e), and the m**^ basis projection associated with f is given by 



Cj for j > k. 

Then f = (/,)jgN is a Schauder basis for E (because we have reordered only finitely many 
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Pk " Pk-m for TTL < k and for m ^ k, so that Kf ^ 2Ke. Now Lemma [5.61 gives the 
desired conclusion because 

oo oo 

j=i i=i 

where 7 = (7j)jGN denotes the decreasing sequence {rjk, rj^-i, . . . , r/i, 0, 0, . . .). □ 

We now come to our key lemma. 

Lemma 5.8. Let E he a Banach space with a monotone Schauder basis e, and let T be 
a non-empty, finite subset of ^{E) for which JF{E) C Then the sequence (tj)jgN 

given by 

=inf{||T|| : T G ^(^1^1,^), =T^r} e (0,00) (j G N) (5.3) 

is increasing. 

— 1/2 

Suppose that (tj)jGN is unbounded, and let 7 = (tj )jeN- Then the operator Aj given 
by (15. ip is compact and does not belong to Hence the left ideal is not closed. 

Proof Set n = |r| G N. For each j G N, we have Pj G =^(-E) C so that ( l2l8|) ensures 
that the set appearing in the definition (15. 3p of tj is non-empty, and tj ^ ||\I'r||^^ > 0. To 
see that tj+i ^ tj, suppose that P,+i = T^r for some T G ^(E", E). Then Pj = {PjT)'^r, 
so that tj ^ ll-Pj?"!! ^ ||T|| by the monotonicity of e. 

— 1/2 

Now suppose that (tj)jeN is unbounded, and let 7 = (tj )jeN- The operator is then 



compact by Lemma Assume towards a contradiction that A^ G so that A^ 
for some 5* G ^{E^, E). Then, for each A; G N, we have a commutative diagram 




where rjik) = {ty^)j^i and the operator Qrj{k) is given by (15. 2p . Hence, by the defini- 
tion (15. 3p of tfc and Corollary 15. 7[ we obtain 

tfc^ l|e,(fc)S|K2tf ll^ll, 

so that tfc ^ 4 lisp for each A; G N, which contradicts the assumption that the sequence 
is unbounded. 

It follows that the left ideal is not closed because it contains ^{E), but not its 
closure J^{E). □ 



Theorem 5.9. Let E be a Banach space which is complemented in its bidual and has 
a Schauder basis. Then ^{E) is the only finitely- generated left ideal of ^{E) which con- 
tains J(f{E), and hence each finitely- generated, maximal left ideal of ^{E) is fixed. 
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Proof. Let e = (ej)jgN be a Schauder basis for E. By passing to an equivalent norm on E, 
we may suppose that e is monotone. Suppose that F is a non-empty, finite subset of ^{E) 
such that ,y(f{E) C and set n = |r| G N. Then, by Lemma [5.81 the sequence {tj)j^^ 
given by ( 15. 3p is bounded, so that we can find a bounded sequence (Tj)jgN in ^{E"',E) 
such that Pj = Tj\l/r for each j G N. 

We may identify ^{E"', E**) with the dual space of the projective tensor product E"'§)E*; 
the duality bracket is given by 

{x ^X,S) = (A, Sx) {x G A G E*, S G ^(^'^, E**)) 

{e.g., see [F, Proposition A. 3. 70]). Hence E**) carries a weak*-topology, with respect 

to which its unit ball is compact by the Banach-Alaoglu theorem. Consequently the 
bounded sequence (^s^jOjeN has a weak*-accumulation point, say T G J3S{E"' , E**). Then, 
for each j G N, A G -E* and £ > 0, we can find an integer k ^ j such that 

e ^ K^rCj ® A,T - KETk) \ = \ {X,T^rej - KsTfc^rej)] = |(A,T^rej - KEej)\. 

Since e > and A G -E* were arbitrary, we conclude that T\E'rej = keGj. By the assump- 
tion. He has a left inverse, say A G ^{E**, E). Applying A to the above identity, we obtain 
AT^rCj = Cj for each j G N, so that Ie = (Ar)*r e =^r, and therefore = SS{E). □ 

Many Banach spaces are complemented in their bidual, as the following example shows. 

Example 5.10. (i) Let E he a. Banach space which is isomorphic to a complemented 
subspace of a dual Banach space; that is, for some Banach space F, there are operators 
U G BS{E, F*) and V G BS{F\ E) such that Ie = VU. Then the diagram 




is commutative. This implies that the operator KeVk*pU** is a projection of E** 
onto k,e{E), so that E is complemented in its bidual. 

Note that this result applies in particular in the case where E is refiexive. 

(ii) Let E be Banach lattice which does not contain a subspace isomorphic to Cq. Then E 
is complemented in its bidual by |30l Theorem I.e. 4]. 

(iii) Let E he a non-zero Banach space for which ^{E) is complemented in its bidual, so 
that Ipj(^E) = ^i^m{E) for some operator A G ^{^{E)** , ^{E)) . Choosing X e E* 
and y (z E with (y. A) = 1, we can define operators by 

Ux: x^->x®A, E^^{E), and Vy-. T^Ty, ^{E) E, 
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which induce a commutative diagram 



E 




U- 



A 




A 



E 



y 



This shows that VyAU^* is a left inverse of and so E is complemented in its 



In particular, combining (P-dH]) with Theorem 15.91 we conclude that, for E = ip and 
E = Lp[0,l], where p G [l,oo), ^{E) is the only finitely-generated left ideal of ^{E) 
which contains J(f{E), and each finitely-generated, maximal left ideal of S§{E) is fixed. 

The conditions imposed on the Banach space E in Theorem 15.91 are clearly preserved 
under the formation of finite direct sums. In contrast, this need not be the case for the 
condition of Corollary 15.41 For instance, Cq and both satisfy this condition by Exam- 
ple [5]5]|ii])- dm]), whereas their direct sum Cq © d-oo does not. We shall explore this situation 
in greater depth in Section [6l Notably, as a particular instance of Theorem 16. 3[ we shall 
see that the main conclusion of Corollary 15.41 fails for E = cq® d-oo because ^^(co © Coo) is 
contained in a closed, singly-generated, proper left ideal of ^{cq © ioo)- We do not know 
the answer to Question (jlT]) for E = Cq (Bioo, but the following result answers this question 
positively for another direct sum arising naturally from Example 15. 5 [ with the ideal y{E) 
of strictly singular operators taking the role that was played by ^{E) in Corollary 15.41 
and J(f{E) in Theorem 15.91 

Proposition 5.11. Let E = Co(r) © H, where T is a non-empty set and H is a Hilbert 
space. Then J3S{E) is the only finitely- generated left ideal of ^{E) which contains ,5^{E), 
and hence each finitely-generated, maximal left ideal of ^{E) is fixed. 

Proof. Let =Sf be a finitely-generated left ideal of ^{E) such that y{E) C y . Proposi- 
tion [2]T] implies that =Sf is generated by a single operator T G J3^{E), say, while Lemma [5T] 
shows that T is bounded below and thus is an upper semi-Fredholm operator. 
We can represent T matrix of operators: 



Each operator from H to Co(r) is strictly singular because no infinite-dimensional subspace 
of Co(r) is isomorphic to a Hilbert space. Similarly, each operator from Co(r) to H is strictly 
singular. Hence, by (12. 6p . we obtain 



bidual. 



T 



T2,i: co{T)^H T2X- H 



) 
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which clearly implies that Ti^i G $+(co(r)) and Tg^s G ^+iH). Let Pi G ^{co{T)) and 
P2 G ^{H) be projections onto the kernels of Ti 1 and T2^2, respectively. Then 

f^: X t-^ Ti^ix, kerPi ri,i(co(r)), 

is an isomorphism, and we have Ti_i(co(r)) = kerPi = Co(r) because Co(r) is isomorphic 
to its hyperplanes. Consequently, as in Example 15. 5l1ml) . the range of Ti i is complemented 
in Co(r), so that we can extend the inverse of Ti 1 to obtain an operator G ef^(co(r)) 
which satisfies SiTi i = /co(r) ~ Pi- Similarly, we can find an operator S2 G J3S{H) such 
that S2T2^2 = Ih — P2- In conclusion, we have 



^ S2 I \ ~S2T2A P^ 



2 



and thus ^ = ^{E). 

The final clause is an immediate consequence of Corollary 14.21 because y{E) C S[E). 

□ 



In the remainder of this section, we shall answer Question ([11]) positively for two further 
classes of Banach spaces, using an approach which is completely different from the above. 
More precisely, for each Banach space E in either of these two classes, we shall describe all 
the maximal left ideals of ^{E) explicitly, and it will then follow easily that only the fixed 
maximal left ideals are finitely generated. The reason that we can describe all the maximal 
left ideals of ^{E) is, roughly speaking, that ^{E) is 'small'. As we shall see, in both 
cases each non-fixed, maximal left ideal of ^{E) is a two-sided ideal of codimension one. 

We begin with a lemma which can be viewed as a counterpart of Corollary 14.81 for left 
ideals of strictly singular operators. 

Lemma 5.12. Let E be a Banach space, and let ^ he a left ideal of J3S{E) such that 
^{E) C ^ C ,5^[E). Then the following three conditions are equivalent: 

(a) y is finitely generated; 

(b) y = ^{E); 

(c) E is finite- dimensional. 

Proof. The implications Q^(jb])^Q are clear. 

([aj)^([c]). Suppose that ^ = for some non-empty, finite subset F of ^{E). Lemma [5?T] 
implies that the operator \E'r is bounded below, while fl2.9p and the fact that F C ,5^{E) 
show that is strictly singular. Hence the domain E of \l'r is finite-dimensional. □ 

A Banach space E has few operators if E is infinite-dimensional and each operator on E 
is the sum of a scalar multiple of the identity operator and a strictly singular operator; 
that is, ^{E) = CIe + S^{E). Cowers and Maurey [15j showed that each hereditarily 
indecomposable Banach space has few operators, and constructed the first example of such 
a space. 

Theorem 5.13. Let E he a Banach space which has few operators. Then y{E) is the 
unique non-fixed, maximal left ideal of ^{E), and y{E) is not finitely generated as a left 
ideal. 
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Proof. Let =Sf be a maximal left ideal of ^{E), and suppose that =Sf is not fixed. Then, by 
Corollary 14. 2 ^ ^ contains S'{E) and hence S^{E), which has codimension one in ^{E), 
so that =Sf = (S'{E) = ,5^{E). This proves the first clause. The second clause follows from 
Lemma 15.121 □ 

To set the scene for our second result, we begin with a short excursion into the theory 
of semidirect products of Banach algebras. Let be a Banach algebra, and let ^ and ^ 
be a closed subalgebra and a closed, two-sided ideal of respectively. Then is the 
semidirect product of ^ and J" and J" are complementary subspaces of SS\ that is, 
^ + = ^ and ^ = {0}. In this case, we denote by p: SS the projection of ^ 
onto ^ along J" . This is a bounded, surjective algebra homomorphism, as is easy to check. 

The homomorphism p is relevant for our purposes because it induces an isomorphism 
between the lattices of closed left ideals 

Lat ^(^) = : ^ is a closed left ideal of ^ such that C ^} (5.4) 

and 

LatC^) = : ^ is a closed left ideal of (5.5) 

More precisely, for each ^ G Lat,y(^), we have p(=^) = =Sf fl ^ G LatC^), and the 
mapping =Sf p{^) is a lattice isomorphism of Latj? (=5^) onto Lat(^); its inverse is given 
by ^ ^ + j^. Suppose that the left ideal ^ G Lat ^(=^^) is generated by a subset F 
of Then clearly p(-Sf ) is generated by the subset p{T) of so that p maps each closed, 
finitely-generated left ideal of ^ containing ^ to a closed, finitely-generated left ideal of ^ . 

We shall next state two classical results about C(-ft')-spaces. The first is due to Pelczyh- 
ski PH, Theorem 1], and characterizes the weakly compact operators from a C(-ft')-space 
to an arbitrary Banach space. 

Theorem 5.14. Let K he a compact H aus dor ff space, and let E he a Banach space. Then 
the following three conditions are equivalent for each operator T G ^{C{K), E) : 

(a) T is weakly compact; 

(b) T is strictly singular; 

(c) T does not fix a copy of Cq. 

The second result describes the maximal ideals of the Banach algebra C{K), as well as the 
finitely-generated ones. (Note that the notions of a left, right, and two-sided ideal coincide 
in C{K) because C{K) is commutative.) Given a point k & K, we write e^: C{K) — )■ C 
for the evaluation map at k; that is, 6k{f) = f{k) for each / G C{K). This is a surjective 
algebra homomorphism of norm one. 

Theorem 5.15. Let K he a compact H aus dorff space. Then: 

(i) each maximal ideal of C{K) has the form kere^ for a unique point k & K; 

(ii) the maximal ideal ker Ek is finitely generated if and only if k is isolated in K. 

Proof. The first clause is folklore {e.g., see [8, Theorem 4.2.1(i)]), while the second is the 
complex- valued counterpart of a classical theorem of Gillman [T3| Corollary 5.4]. Both 
clauses are also easy to verify directly. □ 
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We require one further notion before we can present our result. For a compact Hausdorff 
space K and a function g G C{K), we denote by Mg G ^{C{K)) the multiphcation 
operator given by g; that is, Mgf = gf for each / G C{K). The mapping 

/i: g^Mg, C{K)^^{C{K)), (5.6) 

is an isometric, unital algebra homomorphism. An operator T G ^{C{K)) is a weak 
multiplication if it has the form T = Mg + S* for some g G C{K) and S* G The 
fourth-named author [ ,25, Theorem 6.1] (assuming the continuum hypothesis) and Plebanek 
[35| Theorem 1.3] (without any assumptions beyond ZFC) have constructed an example 
of a connected, compact Hausdorff space K for which each operator on C{K) is a weak 
multiplication. This ensures that the following theorem is not vacuous. 

Theorem 5.16. Let K be a compact Hausdorff space without isolated points and such that 
each operator on C{K) is a weak multiplication. 

(i) The Banach algebra ^{C{K)) is the semidirect product of the subalgebra ^{C{K)) 
and the ideal W{C{K)), where fi is the homomorphism given by (15. 6p . 

(ii) The following four conditions are equivalent for each subset ^ of ^{C{K)) : 

(a) ^ is a non-fixed, maximal left ideal of J3S{C{K)); 

(b) ^ is a maximal left ideal of J3§{C{K)) , and =Sf is not finitely generated; 

(c) ^ is a maximal two-sided ideal of ^{C{K)); 

{d) ^ = {Mg + S : S e W{C{K)) and g G C{K) with g{k) = O} for some keK. 
In the positive case, the point k & K such that ([d|) holds is uniquely determined by ^ . 

Proof. (0). We have B§{C{K)) = /i(C(is:)) + W{C{K)) because each operator on C{K) 
is a weak multiplication. Theorem 15.141 allows us to replace W{C{K)) with ^{C{K)), 
which we shall do in the remainder of this proof because the latter ideal suits our approach 
better. 

To see that n{C{K)) n y{C{K)) = {0}, suppose that g G C{K) \ {0}. Take ko e K 
such that glko) ^ 0, set e = \g{kQ)\/2 > 0, and choose an open neighbourhood of /cq 
such that \g{k)\ ^ e for each k & N. Using Urysohn's lemma and the fact that ko is not 
isolated in K, we deduce that the subspace 

F={feCiK):fik) = ikeK\N)} 

of C {K) is infinite-dimensional. Since 

||M,/|| = snp{\g{k)f{k)\ : G iV} ^ (/ G F), 

we conclude that Mg is not strictly singular, as required. 
dUD. For each k e K, let 

Sfk = /i(ker£fc) + y{C{K)) = {Mg + S : S e y{C{K)) and g G C{K) with g{k) = O}. 

By dll), is a two-sided ideal of codimension one in ^{C{K)), and thus maximal both 
as a left and a two-sided ideal. The implication (Jd])^Q is now immediate, while (Id])^(jb|) 
follows because p(^) = /i(kerefc) is not finitely generated by Theorem 15. 15l (liil) . so that 
is not finitely generated as a left ideal, as explained in the paragraph following (15. 5p . 
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The implication (|b])^([aj) is clear because each fixed, maximal left ideal is finitely gener- 
ated by Proposition I2.2|1 I|). 

([aj)^(Idl). Suppose that ^ is a non- fixed, maximal left ideal of ^^{C{K)). Then, by 
Corollary 14.21 ^ contains S'{C{K)) and thus y{C{K)), so that ^ is a maximal element 
of the lattice \jaXy(c{K)){^{C{K))) given by (15. 4p . Hence, in the notation of (15. 5p . there 
is a maximal element ^ of the lattice Lat(/i(C(-ft'))) such that =Sf = ^ + y{C{K)). 
Theorem I5.15l!li| ) implies that ^ = /i(ker5fc) for some k & K, and consequently y = j!^.. 

([c])^((d]). Suppose that ^ is a maximal two-sided ideal of ^{C{K)). Then, as mentioned 
in RemarkiSl ^ contains (^{C{K)) and hence y{C{K)), so that ^ = for some keK 
by and Theorem I5.15I1II) . 

The final clause follows because kere^^ ^ kerekz whenever ^1,^2 € K are distinct, and 
hence also 7^ ^ 

Remark 5.17. Example I5.5l!l ii|)-( !iii|) and Theorem 15.161 show that, for certain compact 
Hausdorff spaces K, Question ([Tll) has a positive answer for E = C{K). However, this ques- 
tion remains open for some very important C(-ft')-spaces. Indeed, it is known that C{K) 
contains a closed subspace which is isomorphic to C{K) and which is not complemented 
in C{K) for each of the following compact Hausdorff spaces K : 

(i) ir=[0,l] (see PI); 

(ii) K = [0, a] for any ordinal a ^ u'^, where [0, a] denotes the set of ordinals less than 
or equal to a, equipped with the order topology. (Baker [5j showed this for a = u'^; 
the conclusion for general a ^ u'^ follows immediately from Baker's result because 
C[0,q;] contains a complemented subspace isomorphic to C[0,u;'^].) 

Hence, by Lemma 15. ![ ^{C{K)) is contained in a singly-generated, proper left ideal 
of j3S{C{K)) for each of these K, but we do not know whether such a left ideal can be 
chosen also to be maximal (or even closed). 

This question cannot be answered by a variant of Theorem I5.9l because we can strengthen 
the above conclusion to obtain that J^{C{K)) is contained in a singly-generated, proper 
left ideal of ^{C{K)) for each of the above K. To see this, take an operator U G ^{C{K)) 
which is bounded below and whose range F = U{C{K)) is not complemented in C{K), 
and consider the isomorphism U : x ^ Ux, C{K) — t- F. Then, for each 5* € J(f{C{K)), the 
operator SU^^ : F — )■ C{K) has an extension T G J^{C(K)) by a theorem of Grothendieck 
(see [18, pp. 559-560], or |28[ Theorem 1]). Hence we have S = TU, and consequently 

jr(c(K)) c y^u}- 

6. A NON-FIXED AND SINGLY-GENERATED, MAXIMAL LEFT IDEAL OF OPERATORS 

The main aim of this section is to prove Theorems 11.51 and 11.61 Several parts of those 
theorems are special cases of more general results, which may be of independent interest, 
and so we shall take a more general approach, specializing only when we need to. 

Recall that, for a non-empty set F, we denote by £oo(X) the Banach space of bounded, 
complex- valued functions defined on F, and ioo = £00 (N). Our first result collects some 
known facts about operators from £00 (r) that we shall use several times. 
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Lemma 6.1. Let T be a non-empty set, and let X be a Banach space. 

(i) An operator from £00 (r) to X is weakly compact if and only if it is strictly singular. 

(ii) Suppose that the set T is infinite. Then each operator from £00 (r) to X is weakly 
compact if and only if X does not contain a subspace isomorphic to loo- 
Proof. @. This is a special case of Theorem 15.141 

dn]). The hard part is the imphcation which however follows immediately from |29| 
Proposition 2.f.4]. 

The forward implication is straightforward. Suppose contrapositively that X contains 
a subspace isomorphic to l^oi and take an operator U G ^(£005-^) which is bounded 
below. Choose an injective mapping 9: N — ?■ F, and define an operator Cq G ^(fooir)? ^00) 
by Cgf = f 06 for each / G ioo{T). Then UC0 is not weakly compact, for instance because 
it fixes a copy of £oo- D 

In the remainder of this section we shall consider a Banach space X such that 

(I) the bidual of X is isomorphic to £00(^^1) for some infinite set Ti via a fixed isomor- 
phism V: X** ^ ^oo(Ti); and 
(II) no subspace of X is isomorphic to i^o- 
For example, X = cq satisfies both of these conditions with Ti = N. 

Let T2 be a disjoint copy of Ti (that is, T2 is a set of the same cardinality as Ti 
and satisfies Ti fl T2 = 0), and set T = Ti U T2. We consider ^ooC^i) and £00(^^2) as 
complementary subspaces of iooC^) in the natural way, and denote by Pi and P2 the corre- 
sponding projections of iooC^) onto i'oo('^i) and ioo{'^2), respectively. Choosing a bijection 
(p: T2 — )■ T, we can define an isometric isomorphism of ^ooC^) onto the subspace iooC^2) 
by C^f = / o for each / G £oo(T). 

Let E = X^iooC^) with norm ||(x, /)||^ = maxjUxHx, ||/||oo}- We identify operators T 
on E with (2 x 2)-matrices 



Note that assumption ([TT]) and Lemma [^?T]|iT|) imply that the operator Ti_2 is always weakly 
compact. This fact will play a key role for us. 

Despite our focus on left ideals, our first result about the Banach space E is concerned 
with two-sided ideals. 

Proposition 6.2. (i) The set 



is a proper, closed two-sided ideal of ^{E), and Wi is a maximal two-sided ideal 
of ^{E) if and only ifW{X) is a maximal two-sided ideal of I^{X). 



T^y.X^X Ti,2:^oo(T)^X 
T2,i : X ^ C(T) T2,2 : ^M) ^ ^oo(T) 



) 




(ii) The set 
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is a proper, closed two-sided ideal of ^{E), and the following three conditions are 
equivalent: 

(a) W2 is a maximal two-sided ideal of ^{E); 

(b) >^(£oo(Tr)) is a maximal two-sided ideal of ^{ioo{T)); 

(c) T is countable. 

Proof. @. The mapping 

is a surjective algebra homomorphism of norm one. Hence its kernel, which is equal to #1, is 
a closed two-sided ideal of ^{E). This ideal is proper because, by assumption ([T]), X is non- 
reflexive. The fundamental isomorphism theorem implies that ^{E) = ^{X) jWiX). 
Thus the algebra SSiE^jWx is simple if and only if SS[X) jW {X') is simple, and therefore 
#1 is a maximal two-sided ideal of SSiE^ if and only if WiX) is a maximal two-sided ideal 
of ^(X). 

(In]). An obvious modification of the argument given above shows that is a proper, 
closed two-sided ideal of SS{E\ and that conditions Q and (jb]) are equivalent. The impli- 
cation ([cj)^(jb]) follows from [29' Proposition 2.f.4]. 

Conversely, to prove that (jbJ^Q, suppose that #'(£oo(T'')) is a maximal two-sided 
ideal of =^^(£oo(T")), and denote by ^£oo(^oo(Tr)) the set of operators on £00 Cf") that factor 
through £oo- This is a two-sided ideal of because i^o is isomorphic to i^o ©^oo- 

Hence ^£oo(^oo(T")) + >^(-^oo(Tr)) is also a two-sided ideal, which is strictly greater than 
W [i^^ry) because £00 (T") contains a complemented copy of i^o^ and any projection with 
range isomorphic to £00 belongs to ^£oo(-^oo(T")) \ #^(£oo(T"))- Consequently, by the maxi- 
mality of y^(£oo(T")), there are operators R G ^£oo(^oo(T")) and S G #^(£oo(T")) such that 
li^ix) = R + S. Then R = Ie^{r) — 5' is a Fredholm operator by (12. 5p and Lemma [6mi i|) . so 
that Ie^{r) = URT for some operators T,U & ^{iooC^)) because iooC^) is isomorphic to 
its hyperplanes. Thus the identity operator on iooC^) factors through i^o, which is possible 
only if T is countable. □ 

Set 

where the operators V and were introduced on p. [26l Since the ranges of V and are 
contained in the complementary subspaces iooC^i) and ^00 (^"2) of £00 (T"), respectively, we 
have 

||L(x, = \\Vkxx + C^f Woo = max{||l^Kxa;||oo, ||C<^/||oo} 

= max{\\VKxx\U ll/lloo} (x G X, / G ^oo(T)), 

which shows that the operator L is bounded below because Vkx is bounded below. This 
conclusion is also immediate from our next result and Lemma 15.11 
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Theorem 6.3. The ideal Wx defined in Pro'position^^^ is the left ideal generated by the 
operator L given by f l6.ip ; that is, 

Proof. We have L e #i because Li i = 0, and hence the inclusion D follows. 
We shall prove the reverse inclusion in three steps. First, we see that 

'0 \ fo 0\/0 



Ii^ir))~yO C-'P,)[Vkx 
and consequently, for each T12 € ^{£ooC^), X) and T2^2 ^ ^{"^ooC^)), we have 

'0 Ti,2\ _ [0 Ti,2\ [0 

Second, let T2^i G j3S{X,iooC^))- Being bounded below, the operator Vkx is an isomor- 
phism onto its range Y := Vk,x{X) ^ ^ooC^i), so that it has an inverse R G ^{Y,X). 
By the injectivity of iooC^i), the composite operator T2^iR G =^(y, £oo(T")) extends to 
an operator S G .^(^ooCfi), ^oo(T")), which then satisfies SV nx = ^2,1. Hence we have 

t!,i o) = (o sl^{vlx C,)'''^^^^- (^-2) 

Third, each operator Ti^i G >r(X) satisfies T^*^{X**) C (e.^., see |32i Theo- 

rem 3.5.8]). We can therefore define an operator Ue ^{i^{Ti),X) by Uf = K^^T^*iV-^f 
for each / G ^00(^1)- Since kxUVkx = T^ii^x = t^xTi^i, we have UVkx = and so 

Combining fl6.2p -f E^ . we conclude that each operator T G #1 belongs to D 

Remark 6.4. Since the operator L given by (16. ip is bounded below and generates a proper 
left ideal of ^{E), its range is not complemented in E by Lemma [5.21 This is also easy to 
verify directly. 

A Banach space F has very few operators if F is infinite-dimensional and each operator 
on F is the sum of a scalar multiple of the identity operator and a compact operator; 
that is, ^(F) = CIp + J(f{F). Argyros and Haydon j4] constructed the first example 
of a Banach space Xah which has very few operators. We shall now specialize to the 
case where X = Xah- The following result collects those properties of Xah that we shall 
require. 

Theorem 6.5 (Argyros and Haydon). There is a Banach space Xah with the following 
three properties: 

(i) Xah has very few operators; 

(ii) Xah has a Schauder basis; 

(iii) the dual space of Xah is isomorphic to ii . 

Using this, we can easily prove Theorem 11.51 
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Proof of Theorem II. 5[ We begin by checking that Xah satisfies the two assumptions made 
on p. |2ni Theorem I6.5niiip ensures that X'^yi is isomorphic to ioo, while Theorem I6.5l!lil|) 
(or ( pni) ) imphes that Xah does not contain ioo- Moreover, we have #^(Xah) = ^(Xah) 
because Theorem IG.SHiiip imphes that Xah is non-refiexive, so that #^(Xah) is a closed, 
non-zero, proper two-sided ideal of =^(Xah), and J^(Xah) is the only such ideal by Theo- 
rem [6]5]|i])-([ii]). Hence the set J^i given by (II. 2p is equal to the ideal #i defined in Propo- 
sition [6]2]Ji]), and Wi is singly generated as a left ideal by Theorem 16.31 Theorem I6.5l1 i|) 
implies that has codimension one in ^{E), so that it is trivially maximal as a left, right, 
and two-sided ideal. (The latter also follows from Proposition I6.2l1i| ).) Being a non-zero 
two-sided ideal, ^ contains ^{E), and therefore is not fixed. □ 

Remark 6.6. Theorem 11.51 implies that the class of Banach spaces for which Question (jlT]) 
has a positive answer is not closed under finite direct sums. Indeed, Xah and ioo both 
belong to this class by Theorem 15 . 1 3 1 and Example 15. 5 tluj) . respectively, whereas their direct 
sum does not. 

We shall next give a characterization of the ideal J^i defined by (11.21) . Theorem 11.61 will 
be an easy consequence of this result. 

Theorem 6.7. Let E = Xah © ioo- Then the following three conditions are equivalent for 
each subset ^ of ^{E) : 

(a) S£ = Xi; 

(b) ^ is a non-fixed, finitely- generated, maximal left ideal of SSiE)] 

(c) ^ is a maximal left ideal of SSiE) and contains an operator which is bounded below. 

Proof, (dj) ^ (jbj) . This is immediate from Theorem 11.51 

(©^([cj). Suppose that ^ is a non-fixed, finitely-generated, maximal left ideal of ^{E), 
so that =Sf = for some non-empty, finite subset F of ^{E). Set = |r| G N. 
By Lemma 15. 1| the operator is bounded below. Moreover, there is an operator 
T G ^^{E"', E) which is bounded below because Xah embeds in iaoi and i^o is isomor- 
phic to the direct sum of 2?t, — 1 copies of itself. Hence the composite operator T\E'r is 
bounded below, and it belongs to =Sf by (12. 8p . 

((cj)^^. Suppose that =5f is a maximal left ideal of ^{E) and that =Sf contains an opera- 
tor R = {Rj^k)']k=i which is bounded below. Then R does not belong to any fixed maximal 
left ideal, so that (S{E) C ^ by Corollary 14.21 Lemma 16.11 shows that each operator 
from £oo to Xah is strictly singular, and thus inessential. Hence, by [T^ Proposition 1], 
each operator from Xah to l^o is also inessential, and so we conclude that 




(6.5) 
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Since the operator R is bounded below, its restriction R\i^ = {nl'D is also bounded 
below, and is thus an upper semi-Fredholm operator. Consequently ( /jj 2 ) is an upper semi- 
Fredholm operator by (12.61) because R12 is strictly singular, and therefore i?2,2 is an upper 
semi-Fredholm operator. Let Q G <^{£oo) be a projection onto ker R2,2- Then the restriction 
of i?2,2 to ker Q is an isomorphism onto its range, which is a closed subspace of £00 • Since i^o 
is injective, the inverse of this isomorphism extends to an operator S: ioo ^ keiQ C 
which then satisfies 5'i?2,2 = ^£00 ~ Q- Hence we have 

by (16. 5p . Combining this with (16.51) . we see that C and consequently J^i = ^ hj 
the maximality of □ 

Proof of Theorem \1.(A The equivalence of conditions ([a]) and (jb]) in Theorem 16.71 shows 
that is the unique non-fixed, finitely-generated, maximal left ideal of ^{E). Proposi- 
tion [6]2]Jii]) implies that #2 is a maximal two-sided ideal. Since ^{E) C #^ ^ W2 is 
not contained in any finitely-generated, maximal left ideal of J3S{E). □ 

One may wonder whether the conclusion of Theorem 11.51 that the ideal Wi introduced in 
Proposition I6.2l1 i|) is maximal as a left ideal might be true more generally, that is, not only 
in the case where X is Argyros-Haydon's Banach space. Our next result implies that this 
is false for X = cq. Note that all weakly compact operators on cq are compact, so that, in 
this case, Wi is equal to 

= I (^^I'l G ^(co © £00) : Ti,i G (Co) | . (6.6) 

Proposition 6.8. The ideal given by (16. 6p is not contained in any finitely- generated, 
maximal left ideal of ^{cq © £00) ■ 

For transparency, we present the main technical step in the proof of Proposition 16.81 as 
a separate lemma. 

Lemma 6.9. For each operator T G ^{cq) \ $_|_(co), there exist a projection Qq G ^(cq) 
and a normalized basic sequence {Xn)nm in Cq such that {Xn)nm ^■^ equivalent to the standard 
unit vector basis for cq and 

QoX2n-i = X2n-i, QoX2n = 0, and \\Txn\\ ^ - {n E N). (6.7) 

n 

Proof. Let (e„)„gN denote the standard unit vector basis for cq. Since T ^ $+(co), there 
are two cases to consider. 

Case 1: a{T) = oo. Then kerT contains a closed subspace Y which is isomorphic to cq 
and complemented in cq {e.g., see |29. Proposition 2.a.2]). Let {xn)neN be a normalized 
Schauder basis for Y such that {xn)nm is equivalent to (e„)„gN. Since Y is complemented 
in Cq and the basis {Xn)nm is unconditional, there is a projection Qq G ^{cq) which satisfies 
the first two identities in (16. 7p . while the third one is trivial because x„ G F C kerT for 
each n G N. 
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Case 2: a{T) < oo and T(co) is not closed. For each G N, choose En G (0, 1) such that 
(1 + ||T||)£:„(1 — En)^^ ^ n^^. By induction, we shall construct a normalized block basic 
sequence (x„)nGN of (en)nGN such that ||Ta;n|| ^ for each n G N. 

To start the induction, we observe that T cannot be bounded below because its range is 
not closed, so that we can find a unit vector yi G Cq such that ||T?/i|| ^ Ei. Approximating yi 
within El by a finitely-supported vector and normalizing it, we obtain a finitely-supported 
unit vector Xi G Cq such that ||Txi|| ^ (1 + ||T||)ei(l — Ei)~^ ^ 1 by the choice of Ei. 

Now assume inductively that, for some n G N, unit vectors Xi, . . . , x„ G Cq with consecu- 
tive supports have been chosen such that ||Txj|| ^ 1/j for each j G {1, . . . , n}. Let m G N 
be the maximum of the support of x^, so that Xi, . . . , x„ G spanjci, . . . , 6^}, and let 
be the im}^ basis projection associated with (ej)^^^- If ^IkerP™ were bounded below, then 
it would have closed range, so that 

T(co) = T(ker P^) + spanjTei, . . . , Te^} 

would also be closed, being the sum of a closed subspace and a finite- dimensional one. 
This is false, and hence T|kerP™ is not bounded below. We can therefore choose a unit 
vector yn+i G kerP^ such that ||T?/„+i|| ^ En+i- Now, as in the first step of the induction, 
we approximate yn+i within En+i by a finitely-supported vector in ker P^ and normalize it 
to obtain a finitely-supported unit vector G ker P^ such that 

W-L Xn+l\\ ^ ^ — - 

1 - En+1 n+l 

by the choice of En+i- Hence the induction continues. 

By [291 Proposition 2.a.l], the sequence {xn)n&i is equivalent to (e„)„gN, and its closed 
linear span is complemented in Cq. Therefore, as in Case 1, we obtain a projection 
Qq G ^(cq) such that the first two identities in (16. 7p are satisfied, while the third one 
holds by the construction of {Xn)nm- ^ 

Proof of Proposition 16. 8 [ Assume towards a contradiction that ^ is a finitely-generated, 
maximal left ideal of ^{cq © ioo) such that C ^ . Proposition 12.11 implies that ^ is 
generated by a single operator, say 

^1,1 Ti2 



T= '^'\ G^(co©£oo). 

\-'2,l -'2,2/ 

We claim that Ti i is not an upper semi-Fredholm operator. Assume the contrary; 
that is, kerTi^i is finite-dimensional, so that we can take a projection P G ^^(co) onto 
ker Ti l, and Ti i(co) is closed. Then the restriction Ti^i : x h- )■ Ti iX, kerP — )■ Ti i(co), is 
an isomorphism. Its range is complemented in cq by Sobczyk's theorem |4U| because it 
is isomorphic to kerP, which is a closed subspace of finite codimension in Cq, and hence 
isomorphic to cq. We can therefore extend the inverse of Ti i to an operator S G =5^(co), 
which then satisfies STi^i = Ic^ — P. Since P has finite rank, we have 

fP \ ^ ^ J /Ti,i 0\ ^ / Ti,2 
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which imphes that 

This, however, contradicts the assumption that the left ideal =Sf is proper, and thus com- 
pletes the proof of our claim. 

Hence, by Lemma 16.91 we obtain a projection Qo G ^{cq) and a normalized basic se- 
quence {xn)n&'N in Co such that is equivalent to the standard unit vector basis 
(e„)„GN for Co and 

QoX2n-i = X2n-i, QoX2n = 0, and ||Tii2;„||^- {neN). (6.8) 

n 

The sequence {xn)nen is weakly null because it is equivalent to the weakly null sequence 
(e„)ngN, and so the sequence is norm-null for each R G ^(co). Now let 

The maximality of the left ideal =5f implies that either 

(i) QGif or (ii) if + ^|Q| = ^(co©£oo). 

We shall complete the proof by showing that both of these alternatives are impossible. 

In case (i), we can write Q = ST for some operator S = {Sj^k)\k=i ^ "^(co © ^oo)- 
Defining Pq G e^(co © ^oo, Co) by Pq{x, f)=x for each a; G Co and / G ioo, we have 

X2n-1 = PoQ{x2n-l, 0) = PoST{x2n-l, 0) = Si^iTi^iX2n-l + 5'i,2T2,i2;2„-l (n G N). 

This, however, is absurd since the left-hand side is a unit vector, whereas the right-hand 
side norm-converges to as n — )■ oo because ||Ti ia:;2„_i || — t- by 06.81) and 5*1 2T2 i G 

>r(co) = jr(co). 

In case (ii), there are operators U,V G ^{cq © £00) such that ho^ioc = + ^Q- 
Define Pq as above, and write U = {Uj^k)'j k=i- Then, since QoX2n = 0, we have 

X2n = PoiUT + VQ){x2n, 0) = t/l,lTi,iX2„ + Ui^2T2,lX2n (n G N), 

which leads to a contradiction as in case (i) because the left-hand side is a unit vector, 
whereas the right-hand side norm-converges to as n — t- oo. □ 
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